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The design of simple nonlinear observer-based estimators for the on-line estimation of
the reaction rates in chemical and biochemical processes is presented. The proposed
estimators do not assume or require any model for the reaction kinetics and are very
successful for accurately estimating these variables. They are first presented in a contin-
uous-time version. Then, the stability and convergence of a discrete-time version, ob-
tained by a direct forward Euler discretization of these estimators, are established. A
main characteristic of these estimators lies in the easiness of their implementation and
in particular their calibration. Indeed, their gain does not necessitate the resolution of
any dynamical system and is explicitly given. Moreover, its tuning is reduced to the
calibration of a single parameter, and this is true regardless of the number of reaction
rates to be estimated. The performances of the proposed estimators are highlighted
through experimental results dealing with biological and chemical reactions performed

in stirred-tank reactors.

Introduction

The lack of cheap and reliable instrumentation for the on-
line measurement of the relevant variables in many processes
definitely constitutes a serious obstacle for the development
of these processes. One way to overcome this problem is to
use ‘“‘software sensors.” A software sensor can be described as
the association between a sensor (hardware) and an estima-
tor (software). The latter is an algorithm based on the dy-
namical model of the process and is used to estimate the
unmeasured state variables and the unknown process param-
eters from the on-line measurements. Over the last two
decades, there has been a growing and widespread develop-
ment of software sensors for the estimation of the reaction
rates inside chemical reactors by using calorimetry tech-
nigues (see, e.g., Jutan and Uppal, 1984; Cott and Macchiet-
teo, 1989; Bonvin et al., 1989; De Valliére and Bonvin, 1989,
1990; Schuler and Schmidt, 1992, 1993; De Buruaga et al.,
1997) and inside biochemical reactors (see, e.g., Shimizu et
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al., 1989; Wang and Stephanopoulos, 1984; Bastin and
Dochain, 1990). This is because these rates are very complex
functions of the operating conditions and the state of the
process. The analytical modeling of these functions is often
cumbersome and still constitutes the subject of continuing and
intensive investigation. As a result, their estimation saves
chemical and bioengineers the trouble of choosing a particu-
lar model among the several ones described in the literature.
Moreover, these estimates, which are interesting for on-line
adaptive control schemes, can also be used for basic investi-
gations of the process under consideration.

Many works in the development of software sensors for the
estimation of the reaction rates are based on an extended
Kalman filter (EKF) approach that generally leads to com-
plex nonlinear algorithms. Moreover, it is well known that
EKF may give biased estimates or even diverge if it is not
well initialized. A brief discussion on the limitations of the
EKF and the failure of its use in practical situations is re-
ported in Dochain et al. (1992). Another approach, devel-
oped by Bastin and Dochain (1990), consists of estimating the
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unavailable state variables and the kinetics involved using a
two-step approach. In the first step, the unmeasured state
variables are estimated through (asymptotic) observers that
are designed without any knowledge of kinetics expressions.
In the second step, the estimated variables are considered as
real measurements. Consequently, all state variables are sup-
posed to be available, and they are then used to on-line esti-
mate kinetic rates. Although the corresponding estimators are
easy to implement, their tuning remains difficult (see, e.g.,
Farza and Chéruy, 1994; Oliveira et al., 1996). Indeed, a
Bastin and Dochain’s estimator which uses N component
concentrations for the estimation of M reaction rates, in-
volves two N tuning parameters, which have to be calibrated
using a trial-and-error approach. Furthermore, this estimator
is only proved to be stable, that is, the estimation error re-
mains bounded. However, the expression of the correspond-
ing bound is not given. Consequently, the choice of the most
suitable values or expressions for the tuning parameters, en-
suring accurate estimates of the unknown parameters (i.e., a
decay to zero of the estimation error), becomes tedious and
cumbersome.

In the present article, we show how efficient estimators of
the reaction rates, involved in chemical and biochemical re-
actors, can be designed in a systematic and rigorous way
without any assumptions concerning the rate expressions.
These estimators are firstly synthesized in a continuous-time
version using a high gain approach (see, e.g., Bornard and
Hammouri, 1991; Gauthier et al., 1992). Then, we show that
under a mild assumption of the sampling time, the discrete-
time version of these estimators, obtained by a simple for-
ward Euler discretization, still works as an estimator for the
reaction rates. A main characteristic of the proposed estima-
tors lies in the ease with which they are implemented and in
particular calibrated. Indeed, their tuning is reduced to the
calibration of a single tuning parameter, and this is true
whatever the number of components and reactions being
considered.

An outline of this article is as follows: in the next section,
we respectively introduce bioreactors and chemical-reactor
state-space models, which are the basis of the reaction rate
estimator’s synthesis. In the third section, we show how one
can design observers for a class of nonlinear systems that in-
cludes bioreactors and chemical-reactor models. These ob-
servers are proposed in a continuous as well as a discrete-time
version. We then show in the fourth section how the pro-
posed observers can be used for the on-line estimation of the
reaction rates, and the equations of the corresponding esti-
mators are given. Finally, in the fifth section we present two
experimental results: the first deals with a batch process of
lactic acid production, while the second concerns an esterifi-
cation reaction held in a batch-fed reactor. In each case, the
rates of the reactions involved are estimated through the pro-
posed observers and the obtained results are presented.

Modeling of Chemical and Biochemical Reactors

A (chemical) biochemical process can be described by a set
of N state variables, the component concentrations, C, ...,
Cy,» Which interact through M (chemical) biochemical reac-
tions ry, ..., ry. These, in general, occur in a stirred-tank
reactor. The dynamical model of a biochemical process is very
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similar to that of the chemical one, the main difference being
the explicit presence of the temperature in the state vector
when considering the chemical process. Nevertheless, for both
processes, the components’ mass balances are often consid-
ered, and they can be written as follows:

C=Yr-DC+DC,, -G, 6))
where
C=(C, ..., C\)": vector of component concentrations € RN
Cin=(Cips ..., Cinn)": vector of influent component concentra-

tionse RN (g-L~1)
G=(Gy, ..., Gy)": vector of normalized mass outflow rates in
gaseous form € RN (g-L~%-s71)
Y= N X M yield (stoichiometric) coefficients matrix
r=(ry, ...,ry)": vector of reaction rates € RM (g-L~*-s71)
D=dilution rate R (s™1).

For biochemical processes, the dynamical balance model is
restricted to the system in Eq. 1. In the case of chemical ones,
the energy balance is considered and the system in Eq. 1 is
augmented by the following equation:

oo -

AHTI’—Q-I— D(TRin—TR), (2)
PrRCpR

where
Tk = temperature inside the reactor € R (K)
AHT=(AH,, ..., AHy): the vector of the reaction enthalpies € RM
(kI-g™b)
Tgrin = inlet temperature € R (K)
pr = density of the reaction bulk R (g-L~1)
¢,r = Specific heat of the reaction bulk e R (kJ-g~*-K™1)
Q= normalized heat flux € R (K-s™1).

In fact, the term Q is given by

UA(Tg — Tj)

3

PRCoRVR ©)
where U is the overall heat-transfer coefficient (W-m~2-
K~1), A is the heat-transfer surface area (m?), T; is the
coolant/heating fluid temperature (K), and Vg is the reactor
volume (L). The mathematical model of chemical reactors can
also be extended to account for the dynamics of T;. In the
case of a cooling/heating fluid flowing through the jacket,
this dynamics can be described by the following energy bal-
ance equation:

Fo B g Ty o, T 4
j_pjcpjvj(R j)+Vj( iin—T;) (4)

where p; (g-L 1), ¢,; (kJ-g~*-K™1), and V; (L), respectively,
denote the density, the specific heat, and the volume of the
cooling/heating fluid; F, (L-s~*) is the coolant/heating fluid
flow rate; and T;;, (K) is its inlet temperature.

In the sequel, we suppose that the dynamical model of the
chemical reactors is described by Egs. 1 and 2 only.

In the case of bioprocesses, the vector of reaction rates r is

often split into the product of two terms:
r=H(C)a(C),
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where each element of the vector « is called the “specific
reaction rate,” and H is an M X M state-dependent diagonal
matrix whose elements correspond to the reactants. The ex-
pression of each diagonal element h;(C) of the matrix H is

n(©)=(TTc.). (5)

n~j

The notation n ~ j means that the multiplication IT is taken
over the components C,, which are reactants in the reaction
I (including the autocatalysts). The preceding minimal mod-
eling of the reaction rates is in accordance with practice, and
it is based on the following fact: a reaction can take place
only if all the involved reactants (including autocatalysts) are
present in the reactor. Otherwise, the reaction rate is neces-
sarily zero. For example, in the case of a simple growth reac-
tion involving a single biomass X that is grown on a single
substrate S, the rate of the growth reaction r can be written
as follows:

r=XSa(X,$s),

where « is the specific reaction rate. The usual approach
adopted in fermentation modeling consists of writing the
growth rate in the following form:

r=u(X,S)X,

where u is the specific growth rate. Several possible expres-
sions for w have been reported in the literature (see, e.g.,
Frederickson and Tsuchiya, 1977). The most famous is un-
doubtedly Monod’s law:

_ Hmax S
Ks+S'

o

where w. is the maximum specific growth rate, and Kg is
the saturation constant. According to Monod’s law, the ex-
pression of the specific reaction rate « is then

A Mmax
X,8)=a(S)= .
a(X.8) = a(8) = (=5
As in bioreactors, the reaction rates I, j=1, ..., M, in

chemical reactors are generally nonlinear functions of the
state of the process. The vector r can be written as follows:

r=H(C)a(Tg),

where H is an M X M diagonal matrix and « is an M di-
mensional vector. Each diagonal term of the matrix H is
(generally) a nonlinear function of C. For example, in the
case where the process kinetics obeys the Arrhenius law, each
reaction rate r; specializes as follows:

rj=Koje;(C)e 5 /RTr,
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where ko; is the reaction-rate constant, E; is the activation
energy, R is the ideal-gas constant, and ¢ is generally a non-
linear function of the reactant concentrations. In such a case,
the diagonal term h; of H and the jth component «; of «
are

h;(C) =kq;¢(C) and aJ(TR) =g EiRTe,

In the sequel and other processes, we do not assume any
model for the reaction rates r;. As a result, the following sys-
tem can be adopted as a unified modeling framework for
chemical and biochemical reactors:

E=Kr—DE+W, (6)
with
. AHT
A . Al —
&= ( CR)1 K= PRCpR
Y
and
_ DTRin_Q
|\ bc,-G

for chemical reactors, and

£2C; K&Y and W2DC,, -G

for bioreactors.

As previously mentioned, the modeling of r is a difficult
and hazardous task. In order to overcome these difficulties,
we propose nonlinear observers for the on-line estimation of
these variables. The approach to design estimators for the
reaction rates is not new and has often been exploited (Wang
and Stephanopoulos, 1984; Shimizu et al., 1989; Bastin and
Dochain, 1990): it consists of augmenting the state vector to
include, in addition to the state variables, those of the pro-
cess parameters that it is not desirable for models to express,
that is, the reaction rates. As no balances are available for
these kinetics, however, we will assume that their dynamics
are described by unknown and bounded functions. Obviously,
such a hypothesis is reasonable and is in accordance with
practical situations.

We now introduce a simple partition in order to exhibit a
subsystem of the system in Eq. 6, which will be the basis of
the design of the estimator of the reaction rates. For this
purpose, we note that, in most practical situations, the num-
ber of reactions is lower than or equal to the number of com-
ponents. Moreover, the matrix K is usually of full rank.
Therefore, we assume the following conditions:

(C1) K, D, W are known.

(C2) The temperature Ty is supposed to be measured when
chemical reactors are considered.
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(C3) If ¢ is partitioned into the sets of measured variables

@
¢&® and nonmeasured variables ¢@: ¢ = i( », | and accord-
) (k® o B
ingly, K = 2| then we have rank(K®) = rank(K)= M

Note that condition C3 implies that the number of mea-
sured components is greater than or equal to the number of
reactions in the case of bioreactors, and it is greater than or
equal to the number of reactions minus one when chemical
reactors are considered. For the latter, the set of measured
variables is constituted by the temperature and at least (M —
1) component concentrations.

In the sequel, we shall adopt the following unifying (but
not simplifying) theory for modeling the reaction rates:

(1) = H(£D)a(b).

Such a theory only means that the vector of reaction rates
r is factored under the product of a completely unknown
time-varying vector « and an M X M known diagonal matrix
H, that is, a diagonal matrix where each diagonal term is
known either by measurement or by the user’s choice. In the
case where the vector of the reaction rates is completely un-
known, we obviously have

H(¢®) 21, and  a(t) 21(1),
where 1,, denotes the M X M identity matrix.

The vector « will be referred to as the vector of the spe-
cific reaction rates, and our objective is to estimate these pa-
rameters.

According to condition (C3), one can find, after permuta-
tions of the rows of K® (if necessary), an M X M square
submatrix K’ of K®, which is of full rank. Let K” such that

_(x
()

up to rows permutation. The system in Eq. 6 can be rewritten
as follows:

& =KH(£V)a -
f‘/r — KHH( f(l))a _

D& + W’
y ™
DE” +W”,

where

& w’
(f”) and (WH)'

respectively, denote the partitions of £ and W induced by the
partition of K just given. Notice that all components of ¢’
are measured, since &’ is a subvector of ¢@. Let s denote
the remaining subvector, namely

(1)
S

up to rows permutation. For the estimation problem, we fo-
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cus on the following reduced system:

E'=K'H(&, s)a— DE +W'
& =e(t) (®
y=2¢&,

where € is an unknown bounded function that may depend
on the concentrations, the temperature, the inputs, the noise,
and so forth. In the next section we propose state monitors
for a class of nonlinear systems that includes the system in
Eq. 8. Then we will show how such observers can use the
measurements of ¢’ to estimate the specific reaction-rate
vector a.

Observer Design for a Class of Nonlinear Systems
Continuous version

Consider the following system:

23(1) = Fy(24(1), (1)) (1) + by (u(t), (1), s(1))
2,(1) = b, (u(t), z,(1). s(t)) + (1) ©
y(t) =2z(H),

where the state

7= [Zl eR?; z;, 7, €R™;
Zy

the input ue R™; the output y € R"; s€ R is a known sig-
nal; F, is an n X n matrix, which is of class €* with respect
to its arguments; and e is an unknown function that may
depend on z, s, u, noise, and so on. It is clear that the class
of system in Eg. 9 includes that of the system in Eq. 8.

For e = 0, it is well known that the system in Eq. 9 includes
an exponential observer if the following system is completely
uniformly observable:

=F(y, 9)&
éz =0
y=2¢&,

with (£, £€,) € R"XR" and (y, s) is the input signal. How-
ever, the gain of the observer is obtained through differential
equations [Riccati differential equations or Lyapunov differ-
ential equations (see, for instance, Bornard et al., 1988; Ham-
mouri and De Leon, 1991)]. We want to give an estimator
whose gain is simple to calculate and that does not require
the resolution of any dynamical system. We will show that
the estimators we propose later are such that the estimation
error converges exponentially to zero in the case where € = 0.
If e(t)+# 0 and is bounded, the estimation error lies in some
ball B(0, p(5)), where & = sup lle()l and I|m p(8)=0.

The system in Eq. 9 can be written in the followmg con-
densed form:

(10)

z2=F(z,,8)z+B(u, z;, s)+ €(t)
{y=Cz,
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where

F(z,,8) = [g Fl(zl's)},
by(u, 7y,
o) )

and C =[I,, 0], with I, the nX n identity matrix.

We assume the following:

(A1) There exist finite real numbers «, 8, with0< a < 8
such that V&€ e R", Vt > 0:

o?ly< FI (£, (D) Fi( €, s(1) < B2,

(A2) The function e(t) is bounded.

(A3) The function s(t) and its time derivative (ds(t)/dt) is
bounded.

(A4) B is global Lipschitz with respect to z,, locally uni-
formly with respect to u and s, that is,

Yo,o'>0; Jo” > 0; Yu, llull <o;

JB
Vs, lIsll <o, Vz, € R™ ||E(U:2113) I <o”
1

(A5) F, is global Lipschitz with respect to z,, locally uni-
formly with respect to s.

Notice that assumptions (A4) and (A5) can be omitted in
the case where the trajectories of the system in Eqg. 10 lie
within a bounded set €. Indeed, in such a case, we can _re-
spectively extend the nonlinearities F and B into F and B in
such a way that the restriction of F and B to () respectively
coincide with F and B on , and that F and B become
global Lipschitz on the whole state space. These prolongation
techniques were initially used by Bornard and Hammouri
(1991) and Gauthier et al. (1992). In the sequel, we will not
consider these prolongations for the following reasons:

e From a practical point of view, such techniques are rarely
used.

e The methodology involves intricate manipulations that
are not relevant in the context of this work.

Now consider the system given by

2=F(%,,5)2+B(u,2,,5) —A~1(Z,,5)S; 1CT(Ci—y), (11)

where

7

() 7= Al}elR{Z”, 7., Z,€R", and (u, s) and vy are, re-
Z3

spectively, the input and the output of the system in Eqg. 10.

i) A, 9=| " °
ii 2, 9=\, F(2 ) |

(i) S, is the unique symmetric positive definite matrix sat-
isfying the algebraic Lyapunov equation

6S, + A'S, +S,A—CTC =0, (12)

In

0 . .
where A= [O and 0 > 0 is a parameter (see Gauthier

et al., 1992).
We then state the following:

AIChE Journal

Theorem 1. Assume that the system in Eq. 10 satisfies As-
sumptions (Al) to (A5). Then, Vo > 0; 36, > 0; V0 > 6,; 3,
>0; Ju, >0; AM, > 0; Vu, llull,. < o; ¥Z(0) € R?"; we have

I2(t)— 2(t) | < A, [ 2(0) — z(0) | + M, 3,

where u is an admissible control, [[ull. is its upper bound,
z(t) is the trajectory of Eq. 10 associated with the input u,
Z(t) is any trajectory of the system in Eq. 11 and § is the
upper bound of || € |l. Moreover, we have lim u, = +% and

lim M, =0. 0=
0 —> x
Proof. See Appendix A.

Remarks

1. Observe that when €(t) = 0, the convergence of the esti-
mation error is an exponential one. In the case where e(t) # 0,
the asymptotic error can be made arbitrarily small by choos-
ing sufficiently large values of 6. However, very large values
of 6 are to be avoided in practice, since the estimator may
become noise sensitive. Thus, the choice of 6 is a compro-
mise between fast convergence and sensitivity to noise.

2. Note that the solution of Eq. 12 is given by

and consequently the gain of estimator, Eq. 11, is

AY(Z,,5)S,CT =

201,
0°F Y (Zy,9) |

(3) Following the same approach as in the proof of Theo-
rem 1, one can show that the state estimate Z; can be substi-
tuted by its measurements, vy, in the equations of estimator,
Eq. 11. As a result, Assumptions (A4) and (A5) are no longer
necessary and estimator, Eq. 11, is replaced by the following
one:

Z=F(y,5)7+ B(u,y,5)~A"'(y,5)S; 'CT(CT-y). (13)

Equation 13 shall be referred to as an estimator up to output
injection. We shall show below that the discrete version ob-
tained by a direct forward Euler discretization of this estima-
tor works as an estimator for the discrete version of the sys-
tem in Eqg. 10 (obtained by the same discretization).

Discrete version

The estimators previously given assume continuous time
observations. Since this is rarely the case in bio- and chemical
processes, we are encouraged to find a discrete counterpart
for these algorithms. In fact, we shall show that under an
additional assumption on the sampling time, a direct forward
Euler discretization of the proposed estimators still works for
the systems being considered. In order to have a realistic and
moderate assumption of the sampling time, we deal here with
the discretization of the continuous estimator up to output
injection, that is, the system in Eq. 13. This is because the
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convergence of the discrete version resulting from the origi-
nal continuous estimator—the system in Eq. 11—requires
strong assumptions of the sampling time, which may not be
verified for relatively high values of this parameter.

Consider the forward Euler discretization of the system in
Eq. 9:

Zit+ 1y = 21t +TS[F1(th| S¢) 2o + by(Uy, 24y, SI)]
o1y = Zoe + Ts[ 02Uy 240, 80 + €] (14)

Yt = 21t

where T is the sampling time; z,,, z,, u;, S;, €, and y, are
the corresponding values of z,(t), z,(1), u(t), s(t), e(t), and
y(t) at the present sampling time; and z;,, 1, and Zy. 1),
respectively, denote the values of z,(t) and z,(t) at the next
sampling time.

The system in Eq. 14 can be written in the following con-
densed form:

Ly 1= 7y +TS[F(yt, SO Ze+ B(Uy, Yy, S)+ Et]
(15)
Yi = 234
Similarly, the forward Euler discretization of estimator, Eqg.
13, is

Ly 1= it+Ts[F(ytv $)Ze+ B(Uy, Yy, St)

— A7y, 8)SCT(CZ - y)]. (16)

We suppose that the sampling time T; is such that the follow-
ing holds:

(A6) 3T, > 0; VT, €[0, T,]; In [0, 1I; Vt: 11, — F(yy s,
Ser)F1 1y sl <.

Notice that Assumption A6 is quite moderate, and is in
particular satisfied for relatively small values of the sampling
time T,.

We now state the following theorem.

Theorem 2. Assume that the system in Eq. 15 satisfies As-
sumptions (A1), (A2), (A3), and (A6). Then, for every
bounded input u, there exist 6, > 0, 6, > 0; for every 8 €[6,,
6,]; there exist m,, >0, m,, > 0 and d, €[0, 1] such that for
every t=0, T, 2T, ..., we have

17—zl < mle(dy)t” 7(0) — z(0) Il + m,, 8,

where & is the upper bound of | €1l
Proof. See Appendix B.
Remarks

1. The tuning parameter 6 cannot be taken arbitrarily large
as in the continuous case. It is bounded on the top by 0, =
1/T,. In fact, values of 6 such that 6T, is close to 1 are to be
avoided, since the estimator may become noise sensitive. Here
again, the choice of 6 is a compromise between fast conver-
gence and the estimator’s noise sensitivity.

2. As in the continuous case, when €, = 0, the convergence
of the estimation error is exponential. When ¢, #0 and is
bounded, the asymptotic error is smaller than a positive con-
stant m,, S.
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3. As one would expect, the bounds of the estimation error
are as small as & and T, (see proof).

4. It should be emphasized that for reasons of clarity the
sampling time was assumed to be constant. Nevertheless, ex-
tension of the results to systems discretized with a variable
step size can be adequately achieved.

Application to Chemical and Biochemical Reactors

As previously mentioned, it is easy to see that the system in
Eq. 8 is less than Eq. 9. As a result, the estimators proposed
in the previous section can be used for the on-line estimation
of the reaction rates in bioreactors as well as in chemical
reactors. However, before using these estimators, we discuss
and check Assumption Al to A5, after which we will write
the equations of the corresponding estimators. The equations
of physical systems (in particular the system in Eq. 8) make
sense only on the physical, bounded domain Q (i.e., the tra-
jectories of the system in Eq. 8 lie inside Q). On such a com-
pact domain , the right inequality of Assumption Al, as
well as Assumptions A2 to A5 are satisfied. Let us now exam-
ine the left inequality of Assumption Al (i.e., the lower bound
of F[F,). This condition will be satisfied if each element of
the diagonal matrix H remains bounded away from zero. In-
deed, we have

(K'H)(K'H)=HTK''K'H > a,H™H

for some a; > 0, since K’ is of full rank. Now, we remind the
reader that each term of H corresponds to the product of the
reactant concentrations. Thus, the nullity of such a product
means that the corresponding reaction no longer takes place
in the reactor and the mathematical model has to be recon-
sidered. Because of this, it seems reasonable to assume that
the elements of H remain bounded away from zero, with the
result that Assumption Al is satisfied. Moreover, as was pre-
viously mentioned, one can prolong the nonlinearities F, and
B outside ) in such a way that Assumptions Al, A4, and A5
are globally satisfied (see, e.g., Gauthier et al., 1992).

According to this, the nonlinear observer-based estimators
given earlier can be used in order to estimate the reaction
rates from the measurements of the components’ concentra-
tions. The equations of the continuous-time version of the
corresponding estimator are

£ =K'H(E, s)a—DE+W' —20(& —¢")

: o el o (17)
a=—0*(KH(E.s)) (£-¢)

The discrete-time estimator is

gt’+1= gr’ +Ts[ K'H(E, s)ay+ — D&+ W, —29(5{ - gt,)]
Q1= Q _Tsaz( K'H(&, St))il(gt, - ft,)~
(18)

Remarks

1. We have assumed that the matrix K, and in particular
the yield coefficient matrix Y, is known. In practice and par-
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ticularly for bioreactors, this is not always the case, and in
some instances, these coefficients may not be well known or
may even be completely unknown and need to be estimated.
In such a case, it suffices to consider the product of each
unknown yield with the multiplying kinetic rate, as a new rate
that needs to be estimated. The mathematical model result-
ing from this new reformulation is in general given by Eq. 9
and the estimators proposed can be used in order to jointly
estimate the reaction rates and the unknown yield coeffi-
cients. In some cases, however, the matrix of known yield
coefficients appearing in the resulting model does not remain
invertible, in which case the estimators proposed in this sec-
tion cannot be used. Such a situation always occurs when the
number of unknown parameters (the reaction rates and un-
known yield coefficients) is greater than the number of state
variables.

2. We have assumed that the term Q is known for the
chemical reactors. In some instances, such a hypothesis may
not be satisfied in practice. Indeed, suppose that Q is mod-
eled as in Eq. 3. Then, one has to know the value of UA in
order to quantify Q. Similarly, the term Cg = ppCprVg can
vary in some processes, and it is desirable to obtain an on-line
estimate of this parameter. For the purposes of this article,
estimation of UA and Cg is not discussed here and will be
treated elsewhere.

Experimental Results

In order to confirm and validate the preceding theoretical
results, experimental studies were performed using a labora-
tory-scale fermentor and a reaction calorimeter. The con-
cerned bioprocess deals with batch lactic acid production,
while the chemical reaction is an esterification held in a fed-
batch reactor. We propose to briefly describe these processes
and present the estimation results of the corresponding reac-
tion rates.

Estimation of the reaction rates of lactic acid production in
a batch process

The relevant process deals with the production of lactic
acid from lactose. The fermentation is performed in a 2-L
stirred-tank reactor with controlled temperature (T = 38°C)
and pH (pH =6). The pH was set automatically by adding a
6N ammonia solution. The culture used is Lactobacillus
rhamnosus.

The fermentation medium was composed of 100 g/L of
ultrafiltered whey (in powder, which is equivalent to 80 g/L
of pure lactose), 3 g/L yeast extract, 0.03 g/L MnSO,, and
0.5 mL/L Tween 80. The medium was sterilized in the fer-
mentor at 120°C for 20 min (Moueddeb, 1994).

The measurements of biomass, lactose, and lactic acid were
performed as follows: the cell density was measured by opti-
cal absorbance at 570 nm after dilution. The biomass concen-
tration was then deduced through a linear correlation be-
tween the absorbance and the dry weight; the lactose concen-
tration was quantified using HPLC (Waters Associates, Mil-
ford, MA). The lactic acid was assayed by enzymatic analysis
using a Y.S.l. 2000 apparatus (Bioblock, Vaulx Milieu,
France).

The dynamical balance model of the process is written as
follows:
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X=r,
S=—1, (19)
P=r,,

where S, X, and P denote, respectively, the concentrations
of lactose, Lactobacillus rhamnosus, and lactic acid; all these
concentrations are measured. The terms r;, r,, and r; de-
note, respectively, biomass growth, substrate consumption,
and product synthesis rates. In fact, the term r, also accounts
for the decay phenomenon that may occur during the fer-
mentation. For the sake for clarity, this will be referred to as
the growth rate in the sequel. The rates r;, r,, and r; can be
written as follows:
r=oaX r,=a,X and rg=a;X,
where «y, a,, and a5 are the normalized rates with respect
to biomass X. These are the specific kinetic rates. Thus, the
mathematical model of the process is written in the following
matrix form:

X a
S. =X| —ay|. (20)
P as

It is easy to see that the system in Eq. 20 is in the form of
Eqg. 8, with

L [ X N
&=¢=1s|; K=K=[|0 -1 0/;
P 0 0 1
L[X 0 0 A ! L [0
H=|0 X 0]; a=|a and W=1]0
0 0 X a, 0

Thus, the parameters, «4, a,, and a5 can be estimated using
an estimator of the form of Eq. 17 (for the continuous-time
version) and Eq. 18 (for the discrete-time version). Since the
measurements of X, S, and P are only available at sampling
times, we will use the discrete-time estimator and we will dis-
cuss in particular and illustrate the choice of the tuning pa-
rameter 6. The discrete version of the estimator is

)

t+17 >’(\t +Ts[a1txt _20()’(1 - Xt)]

)

St+1=§1_Ts[aZIXt_20(§1_SI)]
Fs\t+l=|:’)\t+Ts[a3tXt_20('5\t_Pt)]
T.0% .
6‘\1(t+1):&1t_ ;( (Xt_xt) (21)
t
T.02 .
Qe = Qg T+ ST (St - St)
t
~ TSOZ

a3(t+1)= Q3¢ — X, ( ’;_ Pt)'
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In fact, the requirement that 6’s value be chosen in practi- T T T r

. - - . Sl ne s . . 12 i
cal S|tua}t|ons is quite mild: it is the value that gives rise to the BIOMASS ()

best estimates X, S, and P of the measured states X, S, and ]

P. In other words, the validation procedure for choosing 6 is 10l

based on a comparison between estimates of X, S, and P
obtained via the estimated reaction rates «;, «,, and a5 and
the true measured values of X, S, and P. In order to illus- 8F
trate this point, we have implemented three versions of esti-
mator, Eq. 21, which only differs in the value of 6, which was
equal to 0.5, 1, and 1.9, respectively. We notice that the sam- 6
pling times are approximately equally spaced with T, = 0.5 h.
As a result, 6 has to be chosen such that Tg < 2. In Figure
1, each real measurement X, S, and P is compared with the
corresponding estimate obtained with 6 =0.5, § =1, and 6 =
1.9. This figure clearly shows that 6 =1 constitutes a good 2
compromise between a good tracking of the parameters’ vari-

ations and a satisfactory noise rejection. Indeed, 6 =1.9 pro- P
vides somewhat accurate but noisy estimates, while 6 =0.5 0= . L L '

leads to smoothed but inaccurate ones. The estimated kinetic 0 5 10 TME() 15 20

rates «,, a,, and a5 obtained with the three values of 6 are 90 . . ; .
reproduced in Figure 2. They confirm the preceding remarks:

the curves corresponding to 6 = 1.9 are very noisy, while those 80 SUBSTRATE (g/l) .
obtained with # = 0.5 do not vary enough to track the rapid
variations of the kinetic rates.

REAL MEASUREMENTS

Estimation of an Esterification Reaction Rate

REAL MEASUREMENTS .
. - - +/
in a Reaction Calorimeter

%,

The reaction being considered is an esterification held in a
solvent and a highly alkaline medium. For reasons of confi-
dentiality, we cannot give further details of the reaction it-
self. It takes place in a fed-batch jacketed reaction calorime-
ter that has been designed and tested in our laboratory (Fiaty,
1991; Crouslé, 1996). The acid is continuously added to the
calorimeter containing the alcohol, with a dilution rate D and
an input temperature T, . Since only one reaction is consid-
ered, estimation of the corresponding rate can be achieved
solely from the temperature measurements. As a result, the 0 5

model we considered for the estimator design only accounts 0 TIME (h) 20
for the dynamics of the reactor temperature, and is written as 80 T T T T
follows:
70 PRODUCT (g/)
. q, UA
TR:_C_+C_(T1_TR)+ D(Trin—Tr),  (22)
R R

where g, is the reaction heat release and the other terms
have the same meaning as before. It is well known that the
term g, is related to the reaction rate r through the following
equation:

G
AHVy

r=

(23)

Estimation of ¢, does not necessitate knowing the reaction
enthalpy AH. Moreover, the latter can be estimated as fol-

lows: 0 . . . s
0 5 10 20
t TIME (h)
’q,(t) dt , . :
ftl A ( Figure 1. Comparison of X, S, and P estimates, ob-
AH= ry— (24) tained through three values of 0, with the real
2 1

data measurements.
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Figure 2. Comparison of three on-line estimates of the
reaction rates obtained through three values
of 6.
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where t; and t, denote, respectively, the beginning and end-
ing times of the reaction, and n, and n, denote the alcohol
mole number at t; and t,, respectively.

The equations of the discrete nonlinear observer used for
the estimation of q, are

~ ~ Ut A
TRt+1 +TRI +Ts - C_ + C_ (Tjt _TRI)
R R

~ 25
+ D(TRin_TRt)_ZG(TRt_TRt)] (25)
Qo1 =0t TSOZCR(th - TRt)'

In order to get an initial idea of the value of 6 to be used,
we have reconstructed the time evolution of a square-wave
electrical power signal, Ul, that took place in the reactor be-
fore the reaction began. This estimation was provided by esti-
mator, Eq. 25, where g, was replaced by Ul and D =0. The
temperatures Tp and T; were available every 2 s, and the
terms UA and C were assumed to be constant. Similarly, in
order to gain confidence in the g, estimate and the values of
Cgr and UA used, after the reaction we again estimated the
square wave electrical power signal, Ul, that occurred in the
reactor. The 0 value used by all estimators was equal to 0.05,
and the values of the different parameters appearing in the
model are

D=0.00038h"! Cr=1,600J-K?

UA=44W-K! Tg,=295K.

The progression of Tg and T, along the reaction, plus the
estimation of the reaction heat release, are given in Figure 3.
Figure 4 shows the postreaction comparison between the
electrical power signal and its estimate, as provided by the
estimator, Eq. 25. We note how well the estimator recon-
structed the electrical signal.

In order to check the consistency of the estimate of g,, we
used it to estimate the alcohol concentration inside the reac-

tor. Indeed, letting C, be the alcohol concentration, we have

ar

CA=_r_DCA=W—
R

DC,. (26)

Now, let us consider the following dynamical system:

‘ - DC,, 27
A= 3AVL A (27)

where §, is the estimate of g, provided by estimator, Eq. 25.
Now, we can easily show that if the initial concentration of
C, is well known, then the numerical integration of Eq. 27
provides an estimate C, of C, that is as accurate as the esti-
mate §, of g,. Such a result is also valid in the discrete case
(by considering the forward Euler discretization). Indeed, we
have solved the discrete version of Eq. 27 and we have com-
pared the time evolution of C,, that is, the alcohol concen-
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10000 12000 14000

0 i
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Figure 3. Estimation of the reaction heat release g, us-
ing Tz and T; measurements.

tration estimate, with off-line data. Corresponding results are
reported in Figure 5. We note that the curve of the estimated
concentration fits very well the available measurements. Such
results confirm the usefulness of the proposed estimators in

practical situations.

Conclusion

We have derived simple nonlinear observer-based estima-
tors that allow on-line estimation of the reaction rates inside
chemical and biochemical reactors. These estimators, whose
convergences have been established in the continuous and
discrete cases, are directly synthesized from the dynamical
balance model of the processes. Their implementation, and
their calibration in particular, is simple and easy to carry out;
it is achieved through the tuning of a single parameter, what-
ever the number of components and reactions being consid-
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Figure 4. Estimation of an electrical power signal after
the reaction.

ered. Experimental results were given, and they demon-
strated how well the given estimators coped with nonlineari-
ties and parameter uncertainties in chemical and biochemical
systems.

However, some points may be raised by the proposed esti-
mators. One of these concerns the fact that the estimator
design assumes that the measurements of some component
concentrations are available on-line. In some instances, such
assumption may not be borne out in practice. For example,
the measurement of biomass concentration in a fermentor is

06 .
ALCOHOL (mol)

0.4

ON-LINE ESTIMATION —

031  OFF-LINEDATA —.

02

01 F

4
L ! 1 L 1

0 2000 4000 6000 8000 10000 12000 14000
TIME (s)

Figure 5. Comparison of the alcohol mole-number esti-
mation with off-line data.
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usually done manually through batchwise analysis, and gener-
ally takes an unreasonable amount of time to complete. An-
other consideration concerns the estimation of the reaction
rates in chemical reactors. We have supposed throughout this
article that some terms, such as UA or Cg, are known or
constant. In some instances, however, these terms may vary
along the reaction and need to be estimated. For the sake of
clarity, these points are not treated in this article, but will be
discussed elsewhere.
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Appendix A
Proof of Theorem 1. A simple computation shows that

1
So= gAe S14

where
I, 0
$;=S5)9-1 and Ay = 1
0o -,
6

Now, using Assumption Al, A(Z;, s) is invertible and the fol-
lowing equalities can easily be established: F(Z,, s)=A~%(Z,,
s)AA(Z,, s) and CA(Z,, s)=C.

Thus, by multiplying the left and the right side of Eq. 16 by
AT(Z,, 8) and A(Z,, s), respectively, we obtain

0S,(Z1,8) + FT(Z1,9)S,(Z,8) + Sp( 2y, 8)F(Zy,5)
—-C'C=0, (Al

where S,(Z;,9) = AT(Z;, 9)S,A(Z,, 9).
Set e(t) = 7Z(t) — z(t); then

e=(F(Z,5)~A"(Z,5)S,'CTC)e+F(Z,8)2—(7,5)1
+B(u,Z;,5)— B(u,zy,5)— €(t).
Now, set €= A,A(Z,, s)e. We then obtain:
§=0(A—S;ICTC)e+A(Z,5)A"}(2y,5)8
+AyA(Zy,8)(B(u,Z;,8)— B(u,z5,9))
+AGA(Zy,8)(F(Zy,8)2— F(21,8)2) + AyA(Zy, 5)€(t).
The last equality comes from the preceding remarks and from

the fact that A, and A, ' commute with each of the follow-
ing matrices: A(Z;,s), A~X(Z;,s), and A(Z,,s).
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Consider the quadratic function V(&) = €'S,&; then

= 6(287S,Ae —28"CTCe) +287S,A( 7y, 5) A~ }( 7y, 5) @
+287S;AyA(Zy,5)(B(u,Zy,5) — B(u, z,,5))
+28"S;A A(Zy,5)(F(Z,8)z— F(z,,9)2)
—28"S;AyA( 7y, 5)€(t)
=— 0V - 0|ICall* +287S,A(Z,,5)A !
X(Z;,5)8+2€'S;A, AA(Z,,8)(B(u,Z;,8)— B(u, 7,5))
+28"S;AyA(Zy,5)(F(Z,8)z— F(z,,9)2)
—287S;A A (7, 5)&(t)
by Eqg. 12.
Therefore,
V<=0V +21SElIIA(Z,s)A (2, s) Il Il
+20S &I IA(Z, ) 1Ay (B(u,Zy,8) = B(u, zy,5)) |l
+211S8l 1A A(Zy,8)(F(Z,8) 2~ F(z,9)2) I

2
+ S ISEIIF(2,8)e(t) I <=0V +2KkIISEll el
+2y 11,811 114, (B(u, 2y, 5) — B(u, 2,,9)) |

+201S.ell 1A,A(Z,, 5)(F(Zy,8) 2 — F(z1,8)2) |

258
+——1IsEll,
0 ISl

where k = sup || ]\(?1, YAz, 9)1I; & is the upper bound of
t>0
Il e(t)1l; y is the upper bound of || A(Z;,s)Il; and B is given
in Assumption Al.
On the other hand, we have:

l1Ag(B(u,Z;,8) = B(u,2z,,5)) Il <llby(u,Z;,s)
1
—by(u, z;,9) Il +H5(b2(u,’z‘l, s)—b,(u,z, s))H
P
<pillesll+ eyl

where p,, p, denote the Lipschitz constants of b, and b,,
respectively.
Now, assuming that 6 > 6’ = min{1, p,}, we obtain:

lAy(B(u,Zy,5)—B(u,zy,5)) Il <pgllegll

+psllell <pllell,
where p = p, + p5, p5= p, if p,>1, and p, =1 otherwise.
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Similarly,

1AGA(Z,s)(F(Z,8)z— F(z,9)2) Il = I1Fy(Z;,8) 2,
—Fi(z,9) < llegll <2 NlEll

for some positive constant ¢ depending on the upper bound
of sand z,.
Hence,

. c
v$—9v+c1v+?2\/v (A2)

where ¢; =@k +2yp +2{)a(S;) and ¢, =288y Ay (Sy)

with
/ ’\max( Sl) .
O-(Sl) - /\min(sl) '

Amax(S1) [resp., Amin(Sy)] is the largest [resp., the smallest]
eigenvalue of S,.
Thus,

d 0— 1 2
m (VV(e(®) )=~ %\/V(é(t)) + 20—0

Consequently,

Wee) <o - 52|t wwieen

+ﬁ [1—exp[—( e_zcl)tH.

Now taking 6, = max {6’, c,;} and 6 > 6,, we obtain

0—c,
le(t)ll < U(Sl)exp[—(T)t] 18(0) |

C,
+ . (A3)
0(0 - Cl) V ’\min(sl)
On the other hand, we have:

kolle()I2< et 2<%, lle(t)?, (A4)
where k, =min {1, («2/62)} and ¥, =max {1, (8%6?)}; «a
and B are given in Assumption Al.

Combining Egs. Al and A2, and replacing ¢, by the pre-
ceding expression, we obtain

0

le(t)ll < o (1)) = exp[_(

Ky

0—c,
> )t} [le(0) |l

20(S,)B
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Now, it is easy to see that 6,, Ay, w,, and M, needed by
Theorem 1 are

: Ky
0o = max{min{1, p,}, ¢}, X=0(S)) —
0
0—¢ 20(S,)B
= , and My=——"+7+.
S " 00— e,

This ends the proof of Theorem 1.

Appendix B
Proof of theorem 2

The proof of Theorem 2 is based on the following claim:

Claim 1. Set A =[l,,+ 6T(A—S;C"C)] where

. 0o 1,

@ A L

(ii) S, is given by Eq. 12 for 6 =1,

(i) 1,, is the 2n x2n identity matrix.

Then, for all T,>0and 6 > 0 such that 6 T, <1, the unique
symmetric positive definite matrix P satisfying the algebraic

equation

ATPA—P=—0T,P - 0T,(1- 6T,)°C'C  (Bl)

is given by

I —1,
P:[— I (2—0TS)IJ'

This claim can be proved by simple verification.
Proof of Theorem 2. Setting e, = 7, — z,, then

€tr1 = [ I2n +Ts(F(ytv St)_ Ail( Yt St)S(;lcTC)]et —T&.
Hereafter, we shall denote any matrix Q(y,,s,) by Q, (for

example, A(y,, s)= Ay, Fiy = Fi(Yiiq, S p)s €EC).
Set & = A;A,e.. Then, routine computations give

Br1=A 1At_1A§t —ToA 1405
= §t+(At+1Afl - IZn)Aét —TA A&, (BZ)
where A'is as in Claim 1.

Consider the time-varying quadratic function V, = \/étTPét
= | N&, Il, where

In - In
N=lo yioom,
is obtained by the Cholesky decomposition P = NTN. More-
over, one can easily check that

N=TU
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. I 0 iU L, -1,
“lo yi—era,| “lo o, |

In fact, the matrix U satisfies S;=UTU, where S, =S ,_,.
According to this, we have

Ain(S
/\mm(P)zM and

1— GTS )‘max( P) =< )‘max(Sl)v

(B3)
where Apin(+) and A, (+) stand for the largest and smallest

eigenvalue, respectively.
Now, we have

Vier = NG o I < IENAG I+ IEN(Agy ATt = 1) Al
+TINA,, A& 1l < [ NAE, |l
+ IN(A AT = L )NTHI I NAR I+ Tl NA A & L
By Claim 1, we have
I NAg, [| 2 = 8T ATNTNAG, = &/ ATPAg, = (1— 0T,) 8] Pg,
—0T,(1— 6T,)*e]CTCs, < (1— 0T,) Il N&, I| 2.

Hence || NKétll <YL= 0T IINE Il =/1— 6T, V,.
Using the last inequality, we get

Virr Y@= 0T) (1+ IN(A AT = 1L, )NTHT)Y,

+ T IINA LA Nl (B4)
A simple computation gives
N(AcrsApt= L, )N
_ 1
(In_ Fl(t+l)F1tl) 0 0 —
- 0 (1h— Faee nFir?) LT
n 1t+1) 1t 0 1
Hence
IIN(A A7t—1 )N’l||<||| -F Frotll 2= 0%
t+ 143t 2n = n 1t+1) F1t 1— GTS
2— 0T, BS
<
=m/1gr, B
where 7 is given in Assumption A6.
On the other hand, we have
~ By2— 0T,
IINA A& < Tﬁ, (BG)
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where B is given is Assumption Al and & denotes the upper
bound of [l ell.
Combining Egs. B4, B5, and B6,

S 2- 0T, T.By/2— 0T,
Vi1 <y/1- 6T, (1+n]/ 1_0TS )vt+ > . > 5
S

T, By2—0T; 5

0

T, By2—- 0T, 5
0

= (V1= 6T, +my/2= 6T, )V, +

<(Y1-0T, +m(1+y1-0T,))V, +

T, By2— 0T, 5
— O

=(n+@+my1-0T )V, + (B7)

Now, for a given T, satisfying Assumption A6, choose 6
such that

1-7 2
1+7n

(B8)

It follows that

dy=m+(1+n)y/1-6T, <1.

The discrete inequality Eqg. B7 gives rise to

t-1 N\ T.By2— 0T
Vtﬁ(de)tvo‘i’( P (de)tll)¥5
i=0

< (de)tVo +

1—(dy)"\ T, B8 I 2_
1-4d, 0 1+n

Hence,
I8l <o (P)(dy)" &l
(1—(d0)‘) T.Bd (1—1;)2
+ 1+ ——| ,
1_d9 OV)‘min(P) 1+m
with o (-)= V Amax(*) /Amin(*) -

Using inequalities B3, simple computations give rise to

— J— t, = J—
el <My, (dy) 1811 +M,,5

for some constants m,;, > 0 and m,, > 0.
Finally, using Inequality A4, we obtain

t
el <my,(dy) llegll —myyd

for some constants m;, > 0 and m,, > 0.
This ends the proof of Theorem 2.
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